We study the dynamics of dissipative spin lattices with power-law interactions, realized via fewlevel atoms driven by coherent laser-coupling and decoherence processes. Using Monte-Carlo simulations, we determine the phase diagram in the steady state and analyze the dynamics of its generation. As opposed to mean-field predictions and nearest-neighbour models there is no phase transition to long-range ordered phases for realistic interactions and resonant driving. However, for finite laser detunings, we demonstrate the emergence of crystalline order with a vanishing dissipative gap. Although the found steady states differ considerably from those of an equilibrium Ising magnet, the critical exponent of the revealed dissipative phase transition falls into the 2D Ising universality class. Two complementary schemes for an experimental implementation with cold Rydberg atoms are discussed. [5] [6] [7] . This requires sufficient time to remain adiabatic, which poses a challenging competition with the finite lifetime of the Rydberg states. Alternatively, this excited-state decay has been proposed as a natural means for dissipative state preparation [8] . The non-equilibrium physics of such driven open systems has recently attracted considerable interest [9] [10] [11] [12] , as their properties can differ dramatically from conventional equilibrium situations.
Previous work considered lattices of effective spins, represented by an atomic ground and strongly interacting Rydberg state coupled by external laser driving and spontaneous decay [8, 13, 14] . The emergence of steady states with antiferromagnetic order was predicted on the basis of mean field theory assuming nearest-neighbour (NN) interactions [8] . It was later shown, however, that ordering in these systems is restricted to short length scales for all spatial lattice dimensions due to large singlesite fluctuations associated with a simple two-level driving scheme [14] . Simulations moreover showed that crystallization in 1D is precluded for other driving schemes [14] , for which long-range order was predicted using mean field theory [15] . Hence, the possibility of long-range order in dissipative Rydberg lattices has thus far remained an open question.
In this letter, we address this issue and show that longrange ordered antiferromagnetic phases can indeed be re- alized in dissipative Rydberg lattices when subject to appropriate coherent driving. However, fluctuations as well as the weak tail of the rapidly decaying interactions are both found to be essential for the physics of the dissipative phase transition. This stands in marked contrast to the equilibrium physics of the corresponding unitary systems, which often is well described by mean field models [16] and NN approximations [17] . The crystalline phase features a vanishing dissipative gap and strongly deviates from that of an equilibrium Ising magnet with finite arXiv:1404.1281v1 [cond-mat.quant-gas] 4 Apr 2014 range interactions. Nevertheless, the critical exponent of the non-equilibrium phase transition is found to be that of the Ising universality class. The unitary evolution is governed by the general Hamiltonian
for laser-driven atoms on a quadratic lattice of length L. The local HamiltonianĤ i describes the atom-light interaction that excites Rydberg states with a frequency detuning ∆ andσ
ee denotes the corresponding projector onto the Rydberg state of an atom at site r i = (x i , y i ),
The last term accounts for the RydbergRydberg interaction, where V 0 = C α /a α is the nearest neighbour coupling for a lattice constant a and an interaction strength C α > 0. Dipole-dipole interactions correspond to α = 3 and α = 6 to van-der-Waals (vdW) interactions. In addition, we consider Markovian loss and dephasing processes described by the operatorL [ρ] such that the N -body density matrix evolves
For sufficiently strong decoherence, the quantum dynamics of this system can be reduced to the diagonal elements of ρ upon adiabatic elimination of its coherences and neglecting multi-photon excitation of two or more atoms [14, [18] [19] [20] [21] [22] 
where the interactions enter through an effective frequency detuning δ i = ∆ − V 0 j =i S j |r i − r j | −α that accounts for the level shift of the ith atom due to its surrounding Rydberg excitations.
While the specific form of the rates depends on the particular excitation scheme, the single-atom steady state is given by a simple Lorentzian
for the settings discussed in here (cf. Fig.1 ). Together with the onsite relaxation time T 1 (δ) the rates can be expressed as
We have performed dynamic Monte Carlo (dMC) based on the rates Γ ↑(↓) and steady-state Monte Carlo (ssMC), assuming T 1 (δ) = T 1 = const., and found good agreement in the relevant parameter regimes. In the latter case, the many-body steady state is determined by only four parameters: the exponent α, the resonant excitation probability p 0 , the detuning ∆/ω, and the interaction strength V 0 /ω, scaled by the width of the excitation spectrum ω. To detect long-range correlations we define the order parameter
As illustrated in Fig.1 , q measures the population imbalance on the two sub lattices reflecting checkerboard ordering, with q > 0 in the ordered phase and q = 0 in the disordered phase.
If the Rydberg-Rydberg interaction is approximated by a NN-blockade the above model is analytically solvable, showing that long-range order cannot occur in 1D. In higher dimensions, the steady state exhibits Néel order provided that p 0 0.7914 in 2D and p 0 0.749 in 3D square lattices [23] . Thus, for simple two-level driving crystallization is not possible in any dimension since in this case p 0 ≤ 0.5.
In order to clarify the significance of the NNapproximation for crystallization, we have performed ssMC simulations for resonantly driven atoms and varying exponents α, for p 0 = 0.95, giving crystallisation under the NN-blockade assumption. As shown in Fig.2 , the NN-approximation fails qualitatively for the important case of vdW interactions (α = 6), which are found to not support long-range order. Surprisingly, the weak tail of the interactions prevents crystallization until a rather large value α ≈ 11. In fact, the simulations show that resonantly driven atoms, with vdW interactions remain in the disordered phase for any values of p 0 and V 0 .
Long-range order can, however, be stabilized via a finite laser detuning, ∆. This is demonstrated in Fig.3 , showing the order parameter q for finite detunings and a varying p 0 and V 0 . As shown in Fig.3a , Néel-type ordering indeed emerges within a finite detuning range and for p 0 > p c ≈ 0.86, only slightly larger than the threshold in the NN-blockade model [23] . Yet, Néel states are only found in a certain interval of interaction strengths V 0 , since the vdW tail prevents long-range ordering beyond a critical value (Fig.3b) .
The location of the transition can be qualitatively understood as follows: A Néel state is characterized by a macroscopic population imbalance on the two sublattices with lattice constant √ 2a. Assuming that an atom on the highly populated sub-lattice has an average of z nearest neighbours, the laser detuning must compensate the corresponding level shifts such that its excitation probability remains above threshold, i.e.,ρ 1 (∆/ω−zV 0 /8ω) ≥ p c , withρ 1 given by eq.(3) and z ≈ 3 near the crystallization transition. The parameter region where this condition is fulfilled is marked in Fig.3 and qualitatively reproduces our numerical results. Fig.3c shows the order parameter as a function of ∆ in the thermodynamic limit, indicating second order phase transitions between the AF and paramagnetic phase. In order to quantitatively assess the importance of fluctuations and the shape of the interaction potential, Fig.3c also gives a comparison to mean field results under the NN-approximation [8, 15] and for full vdW interactions. Both cases give qualitatively different predictions, suggesting Néel order at negative detunings and a first order transition to the reentrant paramagnet at ∆ > 0.
The effects of long-range interactions as well as the dissipative nature of the phase transition can be further illuminated by direct comparison to the corresponding equilibrium situation. In the NN-blockade limit, the steady state,ρ, of eq. (2) coincides with the thermal equilibrium of a corresponding Ising model p0 . Such a correspondence no longer holds for power-law interactions. This is demonstrated in Fig.4a , showing the minimum tracenorm distance F = 1/2 Tr{ (ρ − ρ Is ) 2 } of the steady state to a thermal state of an Ising model ρ Is with optimized magnetic field, h, and interactions, V ij . Note that the average distance between two random density matrices is 0.5. Yet, the non-equilibrium steady state exhibits the critical behaviour of the Ising universality class (Fig.4b) , although it differs significantly from that of an Ising model in thermal equilibrium.
For free dissipative lattice models [24] it has been found that long range order is accompanied by a divergence of the system's relaxation time [25, 26] . Using dMC we have access to the full time evolution and the relaxation time. In Fig.5 we show the corresponding results for NN interactions. For p 0 < p c , no long range order is established and the relaxation time is independent of system size L 2 . Crossing the phase transition to the ordered state the relaxation time increases linearly with system size, corresponding to a vanishing dissipative gap in the thermodynamic limit. In Fig.5b we plot snapshots of a single trajectory for p 0 = 0.9, i.e., well within the ordered regime. Initially, local order emerges quickly, forming small AF domains. The subsequent slow domain wall dynamics leads to a merging into larger clusters, eventually breaking the symmetry and leading to a dominating AF domain on a characteristic timescale T R . This final step can be understood as a 1D random walk of the domain walls which gives a relaxation time that scales as We finally discuss two experimental implementations of the described system that overcome the two-level limit of p 0 ≤ 0.5. Consider first a lattice of small atomic clouds, each containing N two-level atoms. Herê
eg + h.c. couples directly the ground and Rydberg state, which decays with a spontaneous decay rate γ. For sufficiently strong Rydberg interactions within the cloud, the corresponding interaction blockade inhibits multiple Rydberg excitations, such that each site acts like an effective two-level "super-atom" [27] composed of the collective ground state |G and the symmetric, singly excited state |E 0 with an enhanced Rabi frequency √ N Ω. Additional single-atom dephasing with a rate γ d transfers population between |E 0 and the manifold of N − 1 singly excited, non symmetric states |E k [28] (Fig. 1d) . In the limit of strong dephasing, adiabatic elimination yields classical rates Γ ↑(↓) for transitions between |G and the manifold of singly excited states. The steady state excitation probability is given by eq.(3) with
, which approaches unity for strong dephasing [28] and ω = √ N Ω γ d /γ. Recent experiments have studied dissipation effects in random frozen Rydberg gases [29] . The described superatom lattices can be realized with magnetic or optical micro trap arrays [30] [31] [32] that accommodate N ≈ 10 . . . 10 2 atoms per site and provide lattice constants of a few µm for which strong NN interactions can be obtained.
Alternatively p 0 can be controlled on a single-atom level using three-level excitation of Rydberg atoms via a low-lying intermediate state, |p , with two Rabi frequencies Ω 1 and Ω 2 (Fig.1c) . Here, the fast decay of the intermediate state with a rate γ ∼MHz drives the relaxation towards the steady state eq. (3), with a tuneable
2 ). Such three-level excitation schemes are utilised in numerous Rydberg atom experiments, either exploring interaction effects in the strong excitation regime (Ω 1 > Ω 2 ) [33] [34] [35] [36] or quantum optics applications in the opposite limit [37] [38] [39] [40] . As a specific example, laser excitation of Rb(35S 1/2 ) Rydberg states via the intermediate Rb(5P 1/2 ) state with Ω 1 = 0.5γ = 4Ω 2 yields p 0 ≈ 0.9, upon accounting for the small but nonnegligible Rydberg state decay. For a lattice constant of a ≈ 2µm these conditions correspond to V 0 ≈ 5ω, i.e. well within the parameter region of the ordered steady state. Rydberg excitation and trapping [41] as well as site-resolved Rydberg atom imaging [42] has been experimentally demonstrated in 2D lattices with a ≈ 0.5µm. Larger lattice constants can also be realized in these settings [43] or via single-atom trapping in optical microtrap arrays [44] , such that the creation and probing of the predicted dissipative phase transition appears to be well within experimental reach.
In conclusion, we have shown that Rydberg lattices can undergo a dissipative phase transition to a long range ordered AF phase. A key requirement is the use of optical coupling schemes that go beyond the inversion limit of simple two level driving and a finite laser detuning to counteract the effects of the power-law tail of the interaction potential. While we have focussed here on neutralatom settings with finite-range vdW interactions (α = 6), effective quantum magnets with variable power-law interactions [45] are currently attracting great interest in the context of laser-cooled ion crystals in which various spin models [46] with α = 0 . . . 3 can be realized in one and two dimensions [47] [48] [49] . These systems inherently feature dissipation [50] and, thus, provide an interesting platform to explore the revealed dissipative phase transition also in the long-range interaction regime. In light of the demonstrated failure of mean field approximations, it would further be of great interest to investigate other dissipative phase transitions predicted by mean field theory [12] and gain insight into its validity for open systems as well as the critical dimension for long-range order in such related spin lattices. The present phase transition was found to fall into the Ising universality class, despite marked differences of its steady states from an Ising model in thermal equilibrium, raising the general question of how a critical theory of phase transitions [24] in interacting dissipative settings relates to that of thermal or quantum phase transitions. We have addressed here the limit of strong decoherence, and understanding the transition behaviour to weakly damped, strongly interacting quantum many-body systems poses a challenging and likewise important issue for future work.
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